Oscillations in velocity and intensity are detectable over a range of height in the solar atmosphere. Properties of the atmosphere can be deduced from the stratification revealed by the corresponding power and phase-difference spectra, potentially in a manner independent of optical spectroscopy. In this paper, published acoustic power spectra and phase-difference spectra, mainly derived from observations in the NaD 2 line, are interpreted through a simple model of the oscillations in an exploratory investigation along these lines. The difference between the 'heights of formation' at two positions in the line profile is deduced from the ratio of oscillatory power. The corresponding phase difference between oscillations in velocity at the two heights is compared with the phase spectrum derived from observations. Deduced acoustically, the 'height of formation' of the core of the D 2 line is about 700 km above that of the pressure-broadened wing.
I N T RO D U C T I O N
Since the confirmation by Deubner (1975) that the oscillations with periods around 5 min in the solar atmosphere are the fringes of global modes, the oscillations have been exploited as a probe of the interior of the Sun. The speed of sound, as a function of radial distance, is deduced through very precise determinations of the frequencies of modes identified by radial order, n, and spherical harmonic degree, l. Observations of the oscillations can also tell us something about the atmosphere, although in this context the modal frequencies in themselves carry no information. However, because the oscillations can be observed at different heights in the atmosphere (by simultaneous measurements in different spectral lines or at different positions in the same spectral line), there is the possibility of tracing the vertical profile of the waves of a particular frequency and horizontal scale. Ruiz-Cobo, Rodriguez-Hidalgo & Collados (1997) have explored some aspects of the stratification with optical depth. Their Present address: Birdswood, Eardisley, Hereford HR3 6NJ. †E-mail: gw52@tutor.open.ac.uk investigation is based on a time series of recorded profiles of the K I 7699-Å line. The parameters of a model atmosphere were adjusted to achieve a fit to each individual profile. In this way the amplitude of the oscillatory velocity was deduced as a function of continuum optical depth, the independent variable of the model atmospheres. The introduction to their paper has extensive references to earlier work on the use of oscillations in atmospheric diagnostics. Other techniques include wave travel-time measurements Jefferies et al. 1994 ) and the related time-distance analysis (Jefferies et al. 1997) .
The differential equation governing steady-state oscillations in a model of the atmosphere has oscillations which vary with height, z, essentially through the dependence of the speed of sound, c, on z. The solution of this equation at a particular frequency, the wavefunction, determines the ratio of the amplitudes of, and the phase difference between, oscillations at any two different heights. Each of these quantities can be determined from observations at two positions in the profile of an absorption line, and to be acceptable the wavefunction must be compatible with both. In this way a postulated c(z) could be tested and refined using power spectra and phase-difference spectra determined from observations at different wavelength shifts from the centre of a spectral line. Interpreted through the wavefunction as a solution of the wave equation, the difference in height corresponding to a pair of line profile positions then follows directly from the ratio of oscillatory powers, or the phase difference, at those two positions. That is, the difference in optical depth corresponding to those positions in the line profile can be linked to the difference in physical depth, and in a manner independent of any information on the absorption coefficient in the spectral line. This paper is concerned with an exploratory investigation along these lines, based on simple models and published power and phase-difference spectra.
The solar atmosphere is approximately isothermal in the sense that the existence of a temperature minimum some 500 km above the photosphere means that the temperature varies relatively little compared with the density over a substantial range in height. However, because the temperature is not strictly uniform, the definition of the acoustic cut-off frequency, which looms large in any discussion of waves in the atmosphere, is no longer straightforward. In an isothermal atmosphere the cut-off frequency is well defined, and is given by c/2H , where H is the pressure and density scaleheight. Quite often the solar cut-off frequency is taken to be the value of this quantity, about 5.4 mHz, corresponding to the adiabatic sound speed at the temperature minimum. Presumably, however, we can speak of a cut-off frequency in a meaningful sense, as separating propagating and evanescent waves, only if there is a substantial range of height over which the cut-off frequency varies little. Schmitz & Fleck (1998) show that the definition of a height-dependent cutoff frequency is far from simple. They show that the local cut-off frequency depends on the variables, both independent and dependent, in which the wave equation is set up. Moreover, the necessary condition for oscillatory behaviour of the solution involves certain oscillation theorems, which are very difficult to apply for a particular model solar atmosphere. In these circumstances it is useful to look for evidence of a cut-off frequency in the power and phasedifference spectra derived from solar observations; this is the topic of Section 4 in particular.
Oscillations in the solar atmosphere are radiatively damped. A rigorous allowance for this would complicate the analysis in a major way because the radiative relaxation time increases so rapidly with height in the atmosphere. Schmitz (1990) studied the vertical propagation of plane waves in isothermal atmospheres, representative of late-type stars, with the height-dependent radiative relaxation time corresponding to a mean opacity approximated by a simple power law in pressure and temperature. The solution of the transformed wave equation is obtained as a hypergeometric series. Radiative damping is severe where the relaxation time approximately matches the wave period, which, for waves of a given frequency, occurs over a very restricted height range. An extensive study of the radiative damping of waves in an isothermal atmosphere with a uniform relaxation time has been made by Souffrin (1972) . One of the main conclusions is that under solar conditions radiative dissipation has little effect. There is strong support for this conclusion in a recent analysis of observations from instruments on SOHO (Jimenez et al. 1999) . Referring to the phase difference between intensity and velocity, the authors 'find not exactly an adiabatic behaviour but close to it'.
With these considerations in mind, it seems appropriate to explore the implications of the simplest feasible case: adiabatic oscillations in an isothermal atmosphere, so that simple analytical results are obtained as a baseline model. In Section 2 the dispersion equation for this case is used in an interpretation of published power and phase spectra arising from observations of the NaD 2 line to yield the difference between the 'heights of formation' of the pressurebroadened wing of the line and the line centre. The deduced value of the solar acoustic cut-off frequency is significantly lower than the usually quoted 5.2 to 5.4 mHz. A variety of other observational evidence bearing on the solar acoustic cut-off frequency is the subject of Section 4. In each case a value significantly below that which is generally quoted, and consistent with that deduced from the NaD 2 observations, is indicated.
In Section 3 the linearized equations of motion are used to relate the amplitudes and phases of both vertical and horizontal components of velocity, and the temperature, to the oscillations in pressure. It is shown that even if observations are restricted to a fairly small region near disc centre, as for the results deduced from the Michelson Doppler Imager (MDI) on board SOHO, the horizontal component has a significant effect on the expected phase difference between velocity and temperature at lower frequencies.
P RO P E RT I E S O F T H E AT M O S P H E R E F RO M P OW E R A N D P H A S E S P E C T R A
Suppose the space and time dependence of oscillating quantities to be given by exp
, where x is a horizontal coordinate in the direction of the horizontal component, k x , of the wave vector, z is the vertical coordinate taken positive upwards, K is the vertical component of the wave vector, and ω is the angular frequency, taken to be real, as is appropriate with the interpretation of power and phase spectra in mind. The linearized equations of motion (see, for example, Gough 1991), within a plane-parallel atmosphere, lead to the dispersion equation:
where c is the speed of sound, g the acceleration due to gravity and γ the adiabatic exponent. At a given frequency the solution for K is
where ω a (=γ g/2c) is the acoustic cut-off frequency, N [=(γ − 1) 1/2 g/c] is the buoyancy frequency and ω L (=ck x ) is the Lamb frequency. The critical frequencies, between which K has no real part, are given by
Separating K into its real and imaginary parts, K = k z + iκ, the solution corresponding to upward propagation of energy is
the positive value of k z being taken for ω > ω + , the negative value for ω < ω − . For ω − < ω < ω + , the evanescent region, where oscillatory power is greatest, the solution with oscillatory energy decreasing upward is
Suppose that velocity power spectra, and (V − V ) phase spectra, are available from observations made at wavelength shifts λ 1 and C 2002 RAS, MNRAS 335, 628-640 λ 2 from the centre of a spectral line (with λ 1 > λ 2 ). According to this simple model, the phase difference between oscillations in velocity at these two positions, at an angular frequency ω φ (ω φ > ω + ) is φ = k z (ω φ ) z, where z is the difference, z 2 −z 1 , between the 'heights of formation' for the two line profile positions. If, at frequency ω p (ω − < ω p < ω + ), P 1 is the oscillatory power in velocity at λ 1 and P 2 that at λ 2 then, for the same model, ln(P 2 /P 1 ) = 2κ(ω p ) z. The ratio, ln(P 2 /P 1 )/ φ = 2κ(ω p )/k z (ω φ ) = β, say, of these two quantities is independent of z, and depends on γ and on the parameter characterizing the isothermal atmosphere, namely the scaleheight, H (=P 0 /gρ 0 ), where P 0 and ρ 0 are, respectively, the pressure and density in the undisturbed atmosphere.
For oscillation modes of low angular degree (k x 0) the ratio β, considered as given by observations, determines, through equations (3) and (4), the cut-off frequency
Otherwise the ratio β depends explicitly on the sound speed, and more sensitively the larger the value of k x . Since c 2 = (γ P 0 /ρ 0 ) we see that for these modes the ratio β depends on the product of γ and P 0 /ρ 0 , whereas for k x = 0 modes it depends on the ratio of these quantities. In principle, then, power and phase spectra for both kinds of mode, deduced from observations at the same two positions in the line profile, allow both γ and P 0 /ρ 0 to be determined. The largest value of k x for which oscillation modes have frequencies well below the cut-off frequency is about 1.5 Mm −1 (l 1000). Assuming the power ratio to have been determined at 3.5 mHz and the phase difference at 8 mHz, we find, using approximately known values, that δc/c −2δβ/β; thus the expression for β, considered as an equation for c, is not hopelessly ill-conditioned. Of course, for a particular value of k x , we would try to match φ as a function of frequency, and power and phase spectra for a range of values of k x are potentially available. Supposing the speed of sound to have been determined we can find z, in geometric units, from the same observations.
Power and phase spectra deduced from observations in the NaD 2 line have been published by Deubner, Waldschik & Steffens (1996, hereafter DWS) . The recorded traces of the line profile were analysed by the 'lambdameter' method at 16 positions in the profile shown in fig. 1 of their paper. These positions range from the pressure-broadened wing of the line to the line centre, and so the observations are responding to atmospheric fluctuations from the photosphere to beyond the temperature minimum. Individual p modes cannot be picked out in these spectra (DWS, fig. 4 ), deduced from a 4.2-h time series, as the spectra are plotted on a very tight frequency scale. However, the '5-min peak' is prominent and it is relatively simple to read off the power at this maximum. We find log P 1 = −2.10 ± 0.02 at the w15 position (far wing), log P 2 = −1.26 ± 0.02 at line centre, and so ln(P 2 /P 1 ) = 1.93 ± 0.09 at 3.2 mHz (=ω p /2π).
From the corresponding (V − V ) phase spectrum (DWS, fig. 6 ) we find φ = (1.75 ± 0.05)π at 9 mHz (=ω φ /2π).
Comparison of the traces of (V − I ) spectra with the grey-scale, twodimensional spectra (DWS, figs 4 and 5) indicates that the traces are sections at small k x . Since κ (equation 4) and k z (equation 3) vary very slowly with k x , where k x is small, it is appropriate to set k x = 0 to obtain
Using the results (5) and (6), above, this equation leads to ω a = 0.028, with limits of about 0.026 and 0.033, corresponding to ν a = 4.5 mHz, with limits of about 4.1 and 5.2 mHz. In this context ω a is just a parameter of this simple model, determined here by the power ratio and (V −V ) phase difference at chosen frequencies. In the following sections of this paper it is pointed out that a variety of observational evidence does indicate the existence of a cut-off frequency, in each case at about 4.5 mHz. There are no traces of power or phase spectra for large values of k x presented by DWS, so it is not possible to follow the procedure described above in an attempt to find γ and the ratio P 0 /ρ 0 independently. Instead a hybrid approach is adopted in which an isothermal representation of the solar atmosphere is based upon available models. According to the Harvard Smithsonian Reference Atmosphere (HSRA) and Vernazza-Avrett-Loeser (VAL) models, the ratio of pressure to density is within about 10 per cent of 3.0 × 10 11 (cm s −1 ) 2 over a height range of about 600 km around the temperature minimum. Taking P 0 /ρ 0 to be 30 (km s −1 ) 2 corresponding to a scaleheight, H, of 110 km, an acoustic cut-off frequency of 4.5 mHz leads to an effective value of γ of 1.28 and a sound speed of 6.2 km s −1 . An effective value of γ significantly lower than 5/3 is presumably associated with excitation and ionization, and hence with radiative effects. In the study of radiative damping by Souffrin (1972) , the frequency is defined as the cut-off frequency, for vertical propagation, corresponding to the actual value of the adiabatic exponent (presumably close to 5/3 in the solar atmosphere), and the effective value of γ is given as a function of τ , where τ is the radiative relaxation time (Souffrin, fig. 4 ). From this figure we find that an effective value of 1.28 corresponds to τ 1.72. For the value of P 0 /ρ 0 taken above, τ 53 s. This value is similar to that deduced by Fleck & Deubner (1989) : in a computation to match the observed (V − V ) phase spectrum between the NaD 1 and Fe I 5930-Å lines they found an extremely close fit for a radiative relaxation time of 60 s. The authors state: 'Considering that the theoretical spectrum results from a theory for waves in an isothermal atmosphere with constant relaxation time the correspondence is quite astonishing indeed'.
The power ratio, result (5), together with the value κ = 1.36×10 −3 km −1 for k x = 0, from (4), determines the difference, z, between the 'heights of formation' for the two line profile positions. The results is z = 715 ± 40 km; the uncertainty being that which follows from the estimated uncertainty in the measured power ratio alone.
It is possible to estimate the height in the atmosphere (relative to that at which the optical depth in the continuum at 5000Å is unity), corresponding to observations at the w15 position, from a centre-to-limb analysis in the NaD 1 line wing (Worrall 1973 ). This analysis is based on inversions of the intensity integral at 10 positions in the line profile from λ = 0.273 to 0.663Å from line centre; a range which includes the w15 position at λ = 0.419Å. Fig. 2 of Worrall (1973) gives the relation between the optical depth at λ in D 1 and the optical depth, τ 5900 , in the local continuum at each of the 10 positions in the line profile. It is simple to interpolate a curve for λ = 0.419Å. By subtraction, the optical depth owing to line absorption in D 1 follows. The optical depth owing to line absorption in D 2 is twice that for D 1 ; adding on the continuum optical depth, the total optical depth at 0.419Å in D 2 as a function of τ 5900 is obtained. It is found that this total optical depth is unity at τ 5900 = 0.36. (The lambdameter observations in NaD 2 were made close to disc centre.) This corresponds to τ 5000 = 0.32, using the relation between τ 5900 and τ 5000 in table 1 of Worrall (1973) , and this occurs at h 60 km in the HSRA. Accordingly, the 'height of formation' of the D 2 line core is 775 ± 40 km, a result which is consistent with spectroscopic analyses.
If γ is taken to be 5/3, with the same specification of the isothermal atmosphere, that is H = 110 km, we find the speed of sound to be 7.07 km s −1 and the acoustic cut-off at 5.14 mHz. The value of κ, from (4), is then 9.93×10 −4 km −1 , and the corresponding difference in height from the w15 position to the line centre is z = 975 ± 50 km, making the 'height of formation' of the D 2 line core 1035 ± 50 km. It would be very difficult to reconcile this height with spectroscopic analyses. Fig. 1 shows the phase difference, k z (ω) z, with k z from equation (3), for H = 110 km, and for the two cases γ = 1.28 and 5/3, compared with the observed (V − V ) phase difference between oscillations in the damping wing (w15 position) and the line centre, taken from fig. 6 of DWS. In each case the height difference, z, is that calculated from the ratio of velocity power. As far as I know, previous computations of (V − V ) phase spectra have relied upon height differences deduced from traditional spectroscopic analysis. The straight lines through the origin are the high-frequency asymptotes corresponding to k z → ω/c as ω → ∞. That for γ = 5/3 appears not to be a possible asymptote to the observations. The calculated phase difference matches the trend of the observations quite well at higher frequencies where the real situation, that the solar atmosphere is not isothermal, is having a lesser effect.
V E L O C I T Y / I N T E N S I T Y P H A S E R E L AT I O N S
As well as power spectra, fig. 4 of DWS presents (V − I ) phase spectra for each line profile position. At the positions near line centre these spectra display jumps in phase of almost 180
• at about 8 mHz, and it is with the interpretation of these spectacular features that the authors are mainly concerned. The spectrum for the w15 position has no such feature and it is here, in the pressure-broadened wing, that the link between temperature and intensity is probably simplest of all line profile positions. The phase difference between the vertical component of velocity and temperature has been computed by Marmolino & Severino (1991) for an isothermal atmosphere with uniform radiative relaxation time, and for the adiabatic case. The (V − I ) phase spectrum from observations at the w15 position resembles the calculated adiabatic spectrum in that at high frequency the phase difference is small, decreasing with decreasing frequency, approaching −90
• at about 4.5 mHz, where there is an abrupt change in slope. This again indicates that the cut-off frequency is about 4.5 mHz. At lower frequencies the (V −I ) phase difference increases towards zero, whereas it would be expected to remain at −90
• . Subsequent observations indicate that it is probably the background spectrum, that is, the signal between the oscillation modes, which is the cause of this feature. The analysis of low-degree modes (l = 0 to 3) from observations with several instruments on SOHO shows this most clearly (Jimenez et al. 1999, fig. 9) , and is responsible for the authors' conclusion that the behaviour is close to adiabatic. The analysis covers the frequency range 2 to 4.7 mHz, so the expected change in slope towards higher frequencies is not apparent.
Power spectra and velocity/intensity phase spectra extending to higher frequencies, and for high-degree modes, have been generated using observations made with the MDI on SOHO by Straus et al. (1999) . A detailed spectral trace is presented for l 300 (Straus et al., fig. 4 ). As in the spectrum for the w15 position for NaD 2 observations, the (V − I ) phase difference is small at high frequency, decreasing to a minimum around −95
• at about 4.5 mHz. It is clear that at frequencies below 4 mHz the phase difference is much more negative at the p modes than between the modes: for instance, it is about −35
• at the p 1 mode whereas between the modes it is about +55
• . Velocity/intensity spectra at even higher resolution have been obtained from observations with the Global Oscillations Network Group (GONG) network at moderate l-values (Oliviero et al. 1999) . At l = 200 the (V − I ) phase difference at the p 1 mode is about −75
• , while that between the modes is about +75
• . Other prominent features of the calculated (T − V ) phase spectra (Marmolino & Severino 1991) for modes of high degree are the 180
• jumps in phase at the f mode and at the Lamb mode. Although there are no global modes at frequencies below that of the f mode, oscillations may yet be present, and if the frequency of the Lamb mode could be inferred from observed velocity/intensity phase spectra then the speed of sound would follow directly. Traces of (V − I ) phase spectra at l = 800 and 1000 (Jefferies, private communication) show that the phase difference decreases from positive values at frequencies above the approximate frequency of the Lamb mode to negative values below it, and is zero at 1.1 mHz for l = 800, and at 1.4 mHz for l = 1000. If these frequencies are identified as those of the Lamb mode, the corresponding speed of sound is 6.0 km s −1 (l = 800) and 6.1 km s −1 (l = 1000), similar to the value deduced in the previous section. The spectral feature referred to here can be C 2002 RAS, MNRAS 335, 628-640 seen as the narrow white band between the regions labelled 2 and 3 in the colour-coded, two-dimensional (ν, l) phase spectrum shown as the upper left panel of fig. 3 of Straus et al. (1999) . However, at low frequency, horizontal motion dominates; this is taken into account in the next section.
Phase relations: vertical and horizontal motion
In this section the equations of motion, for the adiabatic case, are used to link the amplitudes and phases of vertical and horizontal components of motion, and the temperature, to oscillations in pressure.
In terms of the small perturbations in density, ρ (=ρ − ρ 0 ), and pressure, P (=P − P 0 ), at a given position, the linearized equations of motion for a plane-parallel atmosphere can be written
ρ 0 ∂v ∂t
where g = −gẑ is the acceleration due to gravity, and v is the velocity, with horizontal and vertical components v x and v z respectively. Writing
the equations of motion allow the velocity amplitudes V 0x and V 0z to be expressed in terms of the amplitude, A P , in relative pressure. The x-component of equation (8) leads to
and equation (9) gives
Taking V 0x from equation (11),
where
is the phase lead of the vertical component of velocity over the pressure.
As far as solar observations are concerned, the velocity phase depends on the position on the disc at which oscillations are followed. Consider the line of sight at angle θ to the vertical in the atmosphere. The resultant velocity in this direction is
which, on taking the real parts of equations (10), can be written
The result for δ has been written this way so as to separate the term dependent on direction. In the high-frequency limit each component of velocity is in phase with the pressure, and δ ϕ = 0. At lower frequencies, but still well above that of the fundamental mode, V 0x /V 0z is small, and δ ϕ (the vertical component dominating, excepting, of course, the case in which observations are made close to the solar limb). In the frequency range of evanescent waves ϕ = 90
• , and δ is significantly dependent on direction if V 0x /V 0z is not small: that is, at frequencies near and below the fundamental mode. At frequencies below ω − , in the regime of internal gravity waves, V 0x /V 0z is greater than unity, increasing rapidly with decreasing frequency, and the velocity phase is strongly dependent on direction.
Velocity-temperature phase relations
We have
The relative phase is fixed by the amplitude factor:
Taking V 0x from equation (11) and V 0z from equation (12), and writing K = k z + iκ, we find A T = A T exp(iη), where
and
is the phase lead of temperature oscillations over pressure. The velocity leads the pressure by δ, given by equation (14), so the temperature leads the velocity by (η−δ). For vertical oscillations (k x = 0) δ = ϕ, and we find that the temperature leads the velocity by arctan(κ/k z ). Fig. 2 shows velocity-temperature phase relations and relative amplitudes for the case l = 800, calculated from these results, for the model H = 110 km, γ = 1.28 adopted in Section 2. The (V − T ) phase spectrum for vertical motion corresponds to the adiabatic case (l 700) in fig. 3 of Marmolino & Severino (1991) . In the region between the upper cut-off frequency and the Lamb mode (most of the evanescent region) the horizontal motion is 90
• behind the vertical. The 180
• jump at the f mode occurs in the phase of the temperature relative to the pressure; that at the Lamb mode occurs in the vertical velocity.
In the published MDI observations (Straus et al. 1999), the intensity I, from which the (I − V ) phase spectra are generated, is measured at line centre, and so will be responding to fluctuations in temperature somewhat higher in the atmosphere than the velocity fluctuations, deduced from Doppler shifts at the sides of the line profile. This has an effect on the (V − T ) phase in the regions of propagating waves. The height difference, 70 km, was chosen to match, approximately, the observed phase difference at higher frequency. The effect is severe at very low frequencies since k z → −∞ as ν → 0. Unless the observations are representing the velocity and intensity fluctuations at exactly the same height, there will be very rapid variations in the phase difference as ν → 0.
The field of view of the detector is restricted to 400×400 arcsec 2 . The phase lead, δ, of the line-of-sight velocity over the pressure depends upon position in the aperture. A mean value, weighted by fractional projected area and limb-darkening, was calculated as
where θ c is the angle to the local vertical in the atmosphere at the corners of the square aperture, and δ(θ) is taken from equation (14). P(θ)δθ is the fractional projected area between angles θ and θ + δθ within the aperture, given by
where θ s is the value of θ at the middle of the sides of the square, with α = 0 for 0 < θ < θ s and α = arccos(sin θ s / sin θ) for θ s < θ < θ c .
The limb-darkening factor was taken to be L(θ) = A + B cos θ + C cos 2 θ, with the coefficients A, B and C from table III of Pierce & Slaughter (1977) at wavelength 6791.4Å, considered to be sufficiently close to the wavelength of the line.
For the 400 × 400 arcsec 2 window at disc centre, taking the angular radius of the Sun to be 960 arcsec, θ s is only 12
• ); nevertheless, as can be seen in Fig. 2 , the horizontal motion has a significant effect on the weighted mean (V − T ) phase difference at lower frequencies. In the region of maximum power, between the upper cut-off frequency and the f mode, the (V − T ) phase difference is more negative by a few degrees. Between the f mode and the Lamb mode, the 'plateau' (Deubner et al. 1990 ) appears as a concave slope declining towards lower frequencies, rather as the observations show. Radiative damping leads to a similar effect (Marmolino & Severino 1991, fig. 2d ) but it is reinforced by the horizontal motion. At the Lamb mode the vertical component of velocity is zero, the horizontal component and the temperature are each in phase with the pressure, and so the (V − T ) phase difference is zero, supporting the suggestion, just before Section 3.1, that this position of zero phase difference in observed spectra can be identified as the Lamb mode.
The f mode
At the frequency of the f mode, ω f = √ (gk x ), equation (4) gives
This means, from equation (15), that the temperature oscillations vanish, and, from equations (11) and (12), that the amplitudes of the vertical and horizontal motion are the same. In the power spectra from MDI data for l 300 , fig. 4) , and from the GONG data for l = 200 (Oliviero et al. 1999, fig. 1 ), it is noticeable that while the f mode is apparent in the velocity power spectra, it is absent from the intensity power spectra, in accord with this result. However, the f mode is apparent in both intensity and velocity power spectra for modes of high degree (l 650), and the MDI data indicate that for these modes the (V − I ) phase difference is well defined at about −50
• fig. 2 ). Although, in this simple model, the amplitude of the temperature oscillation is zero, the phase of both the velocity and the temperature relative to the pressure is defined. From equation (16) the temperature leads the pressure by
where ϕ f is the phase lead of the vertical velocity over the pressure (equation 13); that is, the temperature is in phase with the vertical component of the velocity. Since k z is zero, η f = ϕ f = 90
• . From equation (14) the resultant velocity at angle θ to the local vertical leads the pressure by δ f , where cot δ f = tan θ. Thus δ f = (90 • − θ) and the velocity at θ leads the temperature by δ f −η f = (90
• −θ )−η f = −θ . Within the 400-arcsec square aperture the mean value of θ weighted by projected area and limb-darkening is 9
• .1, so in this simple model the (V −T ) phase difference −9
• .1, quite different from the measured −50
• . In the caption in their fig. 2 , Straus et al. (1999) apparently imply that the expected adiabatic value, for vertical oscillations, is −90
• .
OT H E R E V I D E N C E F O R A L OW S O L A R C U T-O F F F R E Q U E N C Y

Variation with frequency of ratio of oscillatory power at two different heights
In an isothermal atmosphere the amplitude of oscillation varies as exp(κz), so that the ratio of oscillatory power at heights separated by z is exp(2κ z). In the evanescent region the factor κ increases very rapidly with frequency as the cut-off is approached from below, and is constant above (see Section 2, equation 4). Therefore it should be possible to locate the cut-off from the observed ratio of oscillatory power as a function of frequency. There are hardly any published power spectra that allow this to be done. The velocity power spectra from the observations in NaD 2 in fig. 4 of DWS are on so tight a scale that the technique is hardly feasible. However, fig. 4 of Straus et al. (1999) shows power spectra, deduced from MDI observations, for l 300, on a sufficiently large scale. There are two intensity power spectra: one at line centre (I); the other in the local continuum (C). The fluctuations at line centre will be responding to oscillations higher in the atmosphere than those in the continuum, and a variation in the ratio of oscillatory power such as described in the previous paragraph is apparent at a glance.
If we express the amplitude of temperature oscillations as |T |/T = A exp(κz) then the amplitude of intensity oscillations can be written as | I |/I = R A exp(κz 0 ), where R is the ratio of intensity amplitude to temperature amplitude, and z 0 is the height in the atmosphere corresponding to the wavelength of observation (for observations made at disc centre, z 0 is approximately the height at which the optical depth at the wavelength of observation is unity). Thus the ratio of intensity power at two different wavelengths is
from which log P = 2 log(R 2 /R 1 ) + 2 log(e)κ z 0 .
Although the ratio R varies very strongly with wavelength shift from spectral line centre, it varies only weakly with acoustic wave frequency, so that the frequency dependence of log P follows that of the amplitude growth factor κ. For frequencies below the cut-off κ is given by equation (4) in Section 2, but, at l 300, ω 2 L is very small compared with ω 2 a and N 2 , so that
We see that κ increases ever more rapidly as the frequency approaches the cut-off, with dκ/dν → ∞ as ν → ν a . Fig. 3 shows (log P I − log P C ) plotted against frequency, from the power spectra of fig. 4 of Straus et al. (1999) (log P is plotted in these spectra). The values were read at the frequencies of the p modes and pseudo-modes, as indicated by the dotted lines in that figure. If one imagines trying to fit a curve to these points, which matches the frequency dependence of κ as described above, it is apparent that the cut-off frequency, indicated by the position of a vertical tangent, is at about 4.5 mHz.
Velocity power spectra are more appropriate for this purpose because the extra complication introduced by the link between temperature and intensity fluctuations, leading to the factor R, is avoided. Velocity power spectra from lambdameter observations in the Mgb 2 line were kindly made available by Sebastian Steffens. The observations were made at the Observatorio del Teide, Tenerife, and the power spectra are based on 196 min scanning 10 positions separated by 7.5 arcsec with a slit 1.56 arcsec wide. The power derived from the light curves at all solar positions was averaged to produce the spectra made available. The power was read off at intervals of 0.5 mHz, from 1 to 7 mHz, from the power spectrum at the line centre (P 2 ) and that in the wing at 0.260Å from line centre (P 1 ), with the result shown in Fig. 4 . Since the power was plotted on a linear scale, it is natural to plot ln(power ratio). In this case, ln(P 2 /P 1 ) approaches zero at zero frequency, as expected for modes of low angular degree, in the absence of any factors R. The curve is 2κ z 0 , with κ calculated for γ = 1.28 and H = 110 km as in Section 2 (ω a = 4.5 mHz), and z 0 = 400 km. This height difference is not an optimum-fit value, but is that which follows from the measured power ratio where the power is greatest, at about 3.5 mHz. Above the cut-off frequency the model gives 3.65 for ln(P 2 /P 1 ), significantly greater than the measured values. This is as expected in the presence of radiative damping. In this simple model, at frequencies above the cut-off, κ has the value 1/2H, and so is independent of the value of γ , whereas, as is apparent from fig. 1 of Souffrin (1972) , a radiative relaxation time of about 55 s corresponds to a value of κ, above the cut-off frequency, approximately 0.78 times the adiabatic value, leading to ln(P 2 /P 1 ) 2.85.
Time-distance analysis and chromospheric modes
Time-distance analysis ) has been carried out on solar acoustic waves at frequencies above the cut-off (Jefferies et al. 1997 ). The results show satellite ridges in t-plots indicating that partial reflection is occurring at a level high in the atmosphere as well as at the photosphere. The difference in time between satellite feature and main feature, at a particular angular separation, , corresponds to the round-trip time for wave energy between the photosphere and upper reflecting layer. In this analysis high-frequency waves were selected by a Gaussian filter centred on ν = 6.75 mHz, l = 125, with σ ν = 0.75 mHz and σ l = 33. For l ≈ 125 (k x ≈ 0.18 Mm −1 ) the Lamb frequency, about 0.18 mHz, is so far below the acoustic cut-off that the dispersion equation for vertical oscillations is a good approximation: that is, we can take k z = (ω 2 −ω 2 a ) 1/2 /c in evaluating the group velocity, v g = ∂ω/∂k z , to obtain
As the frequency approaches the cut-off, v g tends to zero with dv g /dω tending to infinity: that is, wave propagation is very dispersive at frequencies just above the cut-off, with the round-trip time for wave energy between the two partially reflecting layers approaching infinity at the cut-off frequency. Thus, if waves of frequency just above the cut-off frequency contribute significantly to the time-distance analysis, the satellite feature will be very asymmetric, with a long tail on the side of greater time. In the analysis referred to, the central frequency, 6.75 mHz, is only 2σ f above what is generally supposed to be the cut-off frequency and, since the oscillatory power decreases with increasing frequency, waves just above the cut-off would be making a significant contribution. From an examination of the profiles of the satellite features, at fixed , it cannot be stated that these profiles are definitely asymmetric, although quite often there are hints of long tails (Jefferies, private communication) . It could be argued that this in itself is evidence for an acoustic cut-off at a significantly lower frequency than is generally supposed. For a given spread of frequencies around the central sampling frequency, the dispersion of wave traveltimes is very much reduced if the cut-off is at about 4.5 mHz, which is 3σ f below 6.75 mHz.
Partial reflection at two levels in the solar atmosphere means that standing wave modes should exist between those two levels. Partial reflection occurs, for waves at frequencies above the cut-off, at the edges of the acoustic barrier (Worrall 1991) which is about 2000 km wide. Chromospheric modes occur at those frequencies, ν n , at which the barrier width, L, is a whole number of half-wavelengths: that is, for k z = nπ/L, where n is an integer. Since k z = (ω 2 − ω 2 a ) 1/2 /c, this leads to
Evidence for chromospheric modes at about 4.7 and 5.8 mHz appeared in the early observations (Ca II 3933Å, Doppler) of solar oscillations (see Noyes 1967) . In the following decades a number of observers have found these modes elusive. Harvey et al. (1993) Harvey et al. (1996) found modes at about 5 and 7 mHz. These authors also detected the lowest frequency mode, at about 4.6 mHz, in an analysis of GONG data, covering 36 d. The lowest frequency mode has also been found in observations of a pure rotation line of OH (Deming et al. 1988 ). The authors quote 4.3 mHz for the frequency, although the reproduced power spectra seem to indicate about 4.5 mHz. Radio noise power spectra at 3.3-and 3.5-mm wavelength, arising from the low chromosphere, indicate a component at 5.6 mHz (Simon & Shimabukuro 1971) .
All in all, these observations suggest that we might make the following identifications: ν 1 = 4.8 ± 0.2 mHz, ν 2 = 5.6 ± 0.2 mHz, ν 3 = 7.0 ± 0.2 mHz. The degree to which these values conform to the simple model of equation (18) is shown in Fig. 5 . The lines indicated lead to ν a = 4.4 ± 0.3 mHz and (c/2L) 2 = (3.28 ± 0.5) × 10 −6 s −2 . Again we find a low cut-off frequency consistent with the previous results.
The linear fit of Fig. 5 suggests that ν 4 ∼ = 8.5 mHz. There is evidence for a chromospheric mode at about this frequency in the intensity power spectra from the NaD 2 observations (DWS) at the w1 to w4 lambdameter positions. The velocity-power ratio (5-min peak to line wing) discussed in Section 2 indicates that this region of the line profile is responding to fluctuations at about 750 km above the photosphere, which is just where the n = 4 mode would have a temperature antinode. The lower antinode, at about 250 km above the photosphere, would be just below the region sampled by the w14 position, but the power at this lower level would be much less than that at the higher antinode.
The slope of the linear fit to the data of Fig. 5 allows the roundtrip traveltime, t, between the two partially reflecting levels to be estimated. This time is given by where S is the slope of the linear fit. Taking ν = 6.75 mHz and, from Fig. 5 , ν a = 4.4 ± 0.3 mHz, S = (3.28 ± 0.5) × 10 −6 s −2 , we find t = 730 ± 100 s.
From the separation of satellite and main features in the tplots, Jefferies et al. (1997) find [by their method (a)] t ∼ = 11 min.
[Method (b) gives a much shorter time but assumes that the atmosphere is non-dispersive.]
Variation of p-mode linewidths with frequency
The width of the peak corresponding to a p mode in oscillation power spectra is a measure of the rate of energy loss from the oscillation mode. As the frequency increases towards the cut-off frequency at the top of the acoustic barrier, the progressively greater leakage of wave energy into the corona must make a major contribution to the linewidth; p-mode linewidths do increase very steeply with frequency from about 3 to 5.5 mHz (Duvall et al. 1991) . It might be expected that there is a clue to the cut-off frequency in this variation.
In a paper concerned with the effect of the position of the acoustic source on the transition from p modes to pseudo-modes, or highfrequency peaks, Vorontsov et al. (1998) represent the acoustic barrier as parabolic (in ω 2 + as a function of height) so as to exploit the simple result for the reflection coefficient available from the equivalent potential-barrier problem in quantum mechanics. It is interesting to consider the implications of the same model for p-mode linewidths.
Suppose that the amplitude reflection coefficient of the acoustic barrier is r, and the transmission coefficient is (1 − r ), and consider a wave of angular frequency ω and amplitude A incident on the barrier from beneath. After multiple transits of the sub-photospheric cavity, of acoustic depth T, the resultant displacement in the region of observation can be written
exp(iω t), and the power
An oscillation mode exists at those frequencies, ω p , such that cos(2ω p T ) = 1, and P has its maximum value A 2 ; these frequencies are ω p = nπ/T, ν p = n/2T , where n is an integer. The modes are separated in frequency by 1/2T. This is what Vorontsov et al. (1998) refer to as the one-way spectrum; no account has been taken of the wave initially travelling downwards from the source which is responsible for the high-frequency peaks, or pseudo-modes, in this model.
According to equation (19) the power falls to half of its maximum at ω = ω h , such that
.
Putting ω h = ω p ± δω/2, so that δω is the full width at halfmaximum power, we have from which the frequency linewidth is
In this way, for this simple model, we can relate the mode linewidth to the frequency separation of the modes (1/2T) and the barrier reflection coefficient r. For the parabolic barrier, previously referred to, we have Vorontsov et al. 1998, equation (14) ], but note that this result, taken from Landau & Lifshitz (1977) , gives the flux reflection coefficient, r 2 , rather than r. Here ω m is the frequency at the top of the parabolic barrier and ω 0 is a parametric value which fixes the width of the barrier; r 2 = 1/2 at ω m , and rises to e/(e − 1) at ω = (ω 
D I S C U S S I O N A N D C O N C L U S I O N S
We have seen that there is a variety of observational evidence for the existence of an acoustic cut-off frequency in the solar atmosphere.
Such evidence is required if an isothermal representation of the atmosphere is to be meaningful at all. The indicated cut-off frequency is about 4.5 mHz, significantly lower than the value corresponding to γ = 5/3. It seems likely that the lower effective value of γ ( 1.28) is due to radiative damping with a relaxation time of about 55 s. The speed of sound, deduced from the apparent Lamb frequency, is an accord with this value. In the exploratory investigation of this paper, adiabatic oscillations, with an effective value of γ , in an isothermal model atmosphere were considered so as to make use of the simple analytical results then available.
An analysis of some aspects of published, power and phasedifference spectra deduced from observations in the NaD 2 line is described in Section 2. An isothermal model of the atmosphere allows a fairly self-consistent interpretation of the ratio of oscillatory power at the 5-min peak and the (V − V ) phase difference between the core and the wing of the line. It is possible to deduce the difference in height corresponding to these two positions in the spectral line profile. Acoustic spectra can be a powerful tool not only in probing the structure of the atmosphere of the quiet Sun, but also in providing a method of linking physical depth with optical depth within the profile of an absorption line, as an alternative to classical, spectroscopic analysis. The difference in physical depth obtained here, about 700 km, is reliable only in so far as the adopted cut-off frequency is an appropriate mean value, since the local cut-off frequency certainly varies with height. Reference was made in Section 1 to the analysis of a time-series of profiles of the K I 7699-Å line by Ruiz-Cobo et al. (1997) . This yielded a sequence of velocity power spectra labelled by continuum optical depth (Ruiz-Cobo et al. 1997 , fig. 7 ). The ratio of power (at 3.5 mHz) at log τ = −4.2 to that at log τ = 0 is approximately 8.0, corresponding to a difference in height of about 600 km for the isothermal model adopted here. Since log τ = −4.2 is reached just above the temperature minimum, this value is not unreasonable.
The analysis could be founded on a more realistic model of the atmosphere leading to the sound speed as a function of height. It would then be necessary, in general, to obtain the corresponding wavefunctions numerically, and the problem of specifying the boundary condition in the outer atmosphere arises. The analysis is based on the phase difference between oscillations at two different heights at higher frequencies (well above the cut-off), and on the ratio of oscillatory power at the same two heights at lower frequencies (well below the cut-off). The former depends on conditions only between the two heights, and so is insensitive to the outer boundary condition. The corresponding ratio of oscillatory power does depend on the profile of the wave which, strictly speaking, depends on conditions high in the atmosphere, in the corona, where the structure is neither uniform nor constant. However, for the frequencies well below the cut-off, where the oscillatory power is greatest, the energy density diminishes very rapidly with height. For oscillations of 5-min period the energy density at the transition to the corona is less than 10 −5 that at the photosphere. [It is consistent that observations from instruments on board SOHO of chromospheric and coronal lines in the ultraviolet indicate that the power spectrum peaks arising from p modes are not detected above the transition region to the corona (Deubner & Steffens 1999) .] Thus the calculated ratio of oscillatory power at the two positions in the line profile is probably not very sensitive to the outer boundary condition. For instance, the power ratio from the JWKB solution depends only on conditions at and between z 1 and z 2 , and is dominated, as long as z 2 is substantially greater than z 1 , by the factor
where κ(z) is the local value of the imaginary part of the vertical component of the wave vector from the appropriate local dispersion equation (as in Gough 1991, section 5.4 ). Moreover, it is possible to argue that if the profile of these low-frequency waves, in the region of the photosphere, and hence in deeper regions too, were sensitive to the variable conditions in the corona then there would be no long-lived oscillation modes.
Observationally, a time-series of spectral line profiles is required. Useful analyses can result from power and phase-difference spectra with the frequency resolution afforded by a time-series a few hours long. Since the case of the isothermal model indicates that it is the waves of large horizontal scale (small values of k x ) that determine the ratio of γ to P 0 /ρ 0 , while those with large k x give a handle on the product, we would seek to make use of observations over a wide range of values of k x , resolved according to k x .
Velocity/intensity phase-difference spectra are also widely used as a diagnostic tool. In Section 3 the relative amplitudes and phases of vertical and horizontal components of motion, the temperature and the pressure were considered. A conspicuous feature of the calculated (V − T ) phase spectra, Fig. 2 , is the sharp change in gradient at about −90
• at the cut-off frequency. There is no hint of such a feature in the observed velocity/intensity spectra at what is the generally supposed cut-off, somewhat above 5 mHz, corresponding to γ = 5/3. The spectra deduced from MDI observations ) have a minimum in the (V − I ) phase difference of about −95
• at about 4.5 mHz for l = 200, the frequency at which this minimum occurs increasing slightly as the degree l increases. The position of the minimum matches quite closely that of the sharp change in gradient in the calculated (V −T ) phase-difference spectra at the cut-off.
At low frequencies the phase of the resultant, line-of-sight velocity is significantly influenced by the horizontal motion, even if observations are restricted to a relatively small window at the centre of the solar disc. In any interpretation of velocity/intensity phase differences at low frequencies, the size and shape of the window of observation should be taken into account.
A P P E N D I X A 1 Temperature variations and intensity variations
As the temperature fluctuates, the observed intensity will be influenced by the consequent variations in the source function, S ν (τ ν ), and in the absorption coefficient α ν ; here τ ν is the optical depth at radiation frequency ν. A positive fluctuation in temperature will lift the source function, but if the absorption coefficient also increases we 'see' to a lesser depth, where the source function is lower (in the usual case in which the source function is increasing with depth); the effects on S and α are in competition. Frandsen (1988) pointed out the possibility of the phase difference between velocity and intensity being distorted by this effect. There is evidence in published power spectra and velocity/intensity phase difference spectra that the correlation between temperature and intensity is in fact reversed at the edges of the Doppler cores of strong absorption lines. First a simple, approximate argument is given to show that such an anticorrelation is not unreasonable. The argument exploits the Eddington-Barbier relation, which has often been used in exploratory investigations, as a simple link between the source function and the observed intensity; see Jefferies (1968) for several examples.
According to the Eddington-Barbier relation, for observations made at the centre of the solar disc, I ν S ν (τ ν = 1). Thus, if the temperature at τ ν = 1 increases by δT , we have
where δτ is the corresponding increase in optical depth. (Here subscripts ν have been omitted from the quantities τ, S and I .) The second term has a minus sign since, if δτ is positive, unit optical depth now occurs where the unperturbed optical depth is smaller by δτ . Taking D to be geometric depth into the atmosphere,
where D 1 is the depth at which τ = 1, and δα/α is non-zero only where δT is non-zero. Making the rather rough approximation of a uniform temperature perturbation over the region where α is significant,
Where local thermodynamic equilibrium (LTE) can be assumed to prevail, that is for continuum radiation, in the far wings of strong absorption lines, and, approximately, for absorption lines that are not too strong, the source function can be taken to be the Planck function B ν (T ) = B, say.
and so
Taking λ = 5890Å and T = 5000 K, with solar observations in the region of the NaD lines in mind, we find F 4.9. From the HSRA (Gingerich et al. 1971) we find, for the continuum
0.54. If the dependence of the continuum absorption coefficient on temperature is as α ≈ T n , this simple analysis is consistent with a positive correlation of intensity with temperature in the continuum, if n is not greater than 9.
Where LTE is not an adequate approximation, for example in the Doppler cores of strong lines such as the NaD lines, only a complete non-LTE computation can lead to definite results. However, it is possible to make some estimates. The source function is the line source function, which, in the relevant region of the atmosphere, is not close-coupled to the local kinetic temperature, and falls far below the Planck function. It may well be less sensitive to fluctuations in the local kinetic temperature for the same reason.
Turning to the term representing the effect on the absorption coefficient, an analysis of the D-line cores (Curtis & Jefferies 1967; Worrall 1971) suggests that (∂ S/∂τ )/S is about unity at 0.05Å from line centre (compared with about 0.5 for the continuum). In the Doppler core the continuum absorption coefficient is negligibly small compared with the line absorption coefficient, which is given by It seems possible, therefore, that changes in the absorption coefficient could outweigh the changes in the source function, resulting in an inverse correlation between temperature fluctuations and intensity fluctuations at the edge of the Doppler core of strong absorption lines. There is evidence that this is so in the analysis of the lambdameter observations of the solar NaD 2 line (DWS). Fig. 4 of DWS displays (V − I ) phase spectra out to 20 mHz at 16 different positions in the line profile, from the core to λ = 0.419Å in the damping wing. In this last spectrum, labelled w15, the (V − I ) phase difference approaches zero at high frequency, as expected, as it does at those positions in the deep core of the line. However, for the positions labelled w5 to w13 inclusive, the (V − I ) phase difference approaches 180
• at high frequency, as it would if the temperature/intensity correlation were reversed. These positions are at the edge of the Doppler core of the line profile, just where such an inverse correlation is most likely, as we have seen. If this interpretation is correct, there should be positions in the line profile, between those at which the (V − I ) phase difference at high frequency reverses, at which the fluctuations in intensity vanish; the fluctuations in the source function being just balanced by the effect on the absorption coefficient. The same fig. 4 (of DWS) presents velocity and intensity power spectra at each position in the line profile. Values read from these power spectra, converted to a linear scale, are plotted against wavelength shift from line centre in Fig. A1 . (The readings were made where it is easiest: at the 5-min peak, 3.2 mHz, and at the high-frequency edge, 20 mHz.) As can be seen, there is a very distinct local minimum in intensity power, at each of these widely spaced wave frequencies, at λ 0.075Å: that is, between lambdameter positions w4 and w5, from one to the other of which the (V − I ) phase difference at high frequency reverses. There is no such local minimum in the velocity power. Moreover, as can easily be seen ( fig. 4 of DWS) , there is a minimum in coherence at high wave frequencies around the w4 position, as would follow if the intensity signal were weak. A similar deep minimum in coherence can be seen at the w14 position where the (V − I ) phase difference switches again. It is not possible to construct the equivalent of Fig. A1 at this transition in phase, because there is only one position available in the profile beyond the w14 position, and that is far out in the damping wing at λ = 0.419Å, while w14 is at λ = 0.226Å.
Other relevant (V − I ) phase spectra have been published by Lites & Chipman (1979) and Lites, Chipman & White (1982) . These are from solar observations made at the edges of the Doppler cores of the lines Fe I 5576Å, Mg I 5173Å, Ca II 8498Å and Ca II 8542Å. For the moderately strong, photospheric Fe I line the (V − I ) phase difference tends to zero at high frequency, as expected, but for the very strong Mg I and Ca II 8498-Å lines the (V − I ) phase difference tends to 180
• at high frequency, again suggesting that the intensity fluctuations at the edges of the Doppler cores of these strong lines are in antiphase with the temperature. The (V − I ) phase difference from observations in the very strong Ca II 8542-Å line is distinctly different: about −45
• over the observed range from about 2.5 to 8 mHz. It is notable that the 8542-Å line has much more extensive damping wings than the other strong lines involved here.
